Abstract. A general theory of integrable systems is proposed, based on the theory of Haantjes manifolds. We introduce the notion of symplectic-Haantjes manifold (or ωH manifold), as the natural setting where the notion of integrability can be formulated. We propose an approach to the separation of variables for classical systems, related to the geometry of Haantjes manifolds. A special class of coordinates, called Darboux-Haantjes coordinates, will be constructed from the Haantjes structure associated with an integrable systems. They enable the additive separation of variables of the Hamilton-Jacobi equation. We also present an application of our approach to the study of some finite-dimensional integrable models, as the Hénon-Heiles systems and a stationary reduction of the KdV hierarchy.
Introduction
Integrable systems play an ubiquitous role in modern science, both as models exactly solvable by analytic and geometric techniques, and as systems of an intrinsic theoretical interest, due to their relation with many branches of modern mathematics. Finite-dimensional integrable systems coming from classical or quantum mechanics, and infinite-dimensional systems, described in terms of soliton equations, share many geometric and algebraic properties. This observation motivates the search for intrinsic mathematical structures underlying the notion of integrability.
The investigation of the geometry of integrable systems has a long history, dating back to the works of Liouville, Jacobi, Stäckel, Eisenhart, Arnold, etc. Essentially, all approaches proposed are related to the problem of the additive separation of the Hamilton-Jacobi (HJ) equation in a suitable coordinate system. In 1904, in [22] Levi-Civita proposed a test for verifying whether a given Hamiltonian is separable in an assigned coordinate system. Also, we recall the following important result. Theorem 1. [3] . The Hamiltonian functions {H i } 1≤i≤n are separable in a set of canonical coordinates (q, p) if and only if they are in separable involution, i.e. if and only if they satisfy
where no summation over k is understood.
However, such a theorem as well as the Levi-Civita test are not constructive, since they do not help to find a complete integral of the Hamilton-Jacobi equation. In contrast, a constructive definition of SoV was given by Sklyanin [41] within the framework of Lax systems.
Definition 1. [41]
The Hamiltonian functions {H i } 1≤i≤n are separable in a set of canonical coordinates (q, p) if there exist n equations, called separation relations (2) Φ i (q i , p i ; H 1 , . . . , H n ) = 0 det ∂Φ i ∂H j = 0, for i = 1, . . . , n. They are said to be Sklyanin separation equations for {H i } 1≤i≤n and allow one to construct a solution (W, E) of the HJ equation. In fact, solving (2) with regard to p k = ∂W k ∂q k , we get
However, the three above-mentioned criteria of separability are not intrinsic since they require the explicit knowledge of the local chart (q, p) in order to be applied. To overcome such drawback, several approaches based on symplectic and Poisson geometry have been designed in the last decades; they have offered a fundamental geometric insight in the theory of integrable systems. At the same time, a geometric version of integrability on differentiable manifolds can share new light on the multiple connections among integrability, topological field theories, singularity theory, coisotropic deformations of associative algebras, etc.
In this context, the bi-hamiltonian approach has probed to be crucial. A bihamiltonian manifold is a manifold endowed with a pencil of Poisson structures [24] . In particular, the special class of ωN manifolds, introduced in [30] , is characterized by a non-degenerate Poisson tensor (whose inverse provides a symplectic structure ω), and a Nijenhuis tensor field N . Such a tensor, also called hereditary operators, has a vanishing Nijenhuis torsion, as a consequence of the underlying bi-Hamiltonian structure. This class offers a coherent approach to the construction of separation variables, and has been successfully applied, for instance, to the study of Gelfand-Zakharevich systems [17, 20, 10, 11, 12] .
The aim of this paper is to present a new formulation of the notion of integrability, based on the theory of Haantjes tensors [18] . Quite surprisingly, the relevance of Haantjes differential geometric work for integrable systems, has not been recognized for a long time, with the exception of some applications to Hamiltonian systems of hydrodynamic type [13, 6, 14] .
In contrast, we shall introduce a class of manifolds, that will offer the natural geometrical setting to formulate the notion of integrability for classical Hamiltonian systems. These manifolds will be called symplectic-Haantjes manifolds. We shall prove that integrability of a finite-dimensional system can be characterized in terms of a set of commuting Haantjes operators, whose spectral and geometric properties turn out to be particularly rich. The notion of Lenard-Haantjes chain, defined in this setting, is a natural extension to the context of Haantjes geometry of previous similar notions proposed in the literature, as that of Lenard-Magri chain [23] and of generalized Lenard chain [9, 26] , for quasi-bihamiltonian systems. The problem of separation of variables (SoV) can be formulated and solved in this framework. Indeed, the Haantjes structure associated with an integrable system, under some mild assumptions, offers a set of coordinates, that we shall call Darboux-Haantjes coordinates, that represent the separation coordinates for the system.
There is a neat relation between the Haantjes geometry developed here and the known Nijenhuis geometry. Indeed, a specific subfamily of symplectic-Haantjes manifolds is provided by the symplectic-Nijenhuis manifolds. Precisely, we shall show that given a ωN manifold, one can always construct a ωH structure by taking (n − 1) independent powers of N . In this case, N will play the role of a generator of the ωH structure.
The notion of ωH manifolds is inspired by the very recent definition of Haantjes manifold due to Magri [27, 28] . Our theory mainly differs from the fact that, besides the existence of n independent Haantjes operators in involution among each others, we consider also a symplectic form ω compatible with such Haantjes operators. Moreover, the Lenard-Haantjes chains of our theory are shorter than the ones defined in the recent Magri theory [28] . This is due to a weaker assumption that allows us to deal with both integrable and separable systems. This fact is an important novelty of the present work that is not considered in the cited papers.
The advantage of the present formulationà la Haantjes, which represents the main motivation for our study, relies on its generality: Haantjes tensors are indeed a larger class of tensors than Nijenhuis' one. The proposed theory incorporates essentially all the known results on integrability and separation of variables of finitedimensional systems that have been developed in a bi-Hamiltonian framework up to date, i.e. all the approaches based on Lenard chains and their generalizations (as quasi-bi-Hamiltonian systems, etc).
At the same time, the theory possesses the intrinsic simplicity enjoyed by the theory of classical Lenard-Magri chains for soliton hierarchies, but a greater versatility. As an example of the large applicability of our approach, we propose a thorough analysis of two celebrated models: the Hénon-Heiles models and a stationary reduction of the seventh order equation of the KdV hierarchy.
The structure of the paper is the following. In Section 2, we review the main algebraic properties of Nijenhuis and Haantjes tensors. In Section 3, the spectral properties of Haantjes operators are discussed. In Section 4, we introduce the main geometrical structures needed for the discussion of integrability, i.e. ωH. Their relation with the known ωN manifolds is discussed in Section 5. Section 6 is devoted to the solution, in our setting, of the classical problem of SoV for the HJ equation corresponding to a given integrable system. Several applications of the theory are discussed in Section 7, where in particular, concrete examples of Haantjes structures and separation variables are constructed explicitly. Open problems and future research plans are discussed in the final Section 8.
Nijenhuis and Haantjes operators
In this section, we review some basic algebraic results concerning the theory of Nijenhuis and Haantjes tensors. For a more complete treatment, see the original papers [18, 36] and the related ones [37, 16] .
Nijenhuis and Haantjes tensors.
Let M be a differentiable manifold and L : T M → T M be a (1,1) tensor field (i.e., a field of linear operators on the tangent space at each point of M ).
where X, Y ∈ T M and [ , ] denotes the commutator of two vector fields.
In local coordinates x = (x 1 , . . . , x n ), the Nijenhuis torsion can be written in the form
amounting to n 2 (n − 1)/2 independent components. The following identity can be directly proved.
Definition 2. The Haantjes tensor associated with L is the (1, 2) tensor field defined by
The skew-symmetry of the Nijenhuis torsion implies that the Haantjes tensor is also skew-symmetric. Its local expression is
We shall first consider some specific cases, when the construction of the Nijenhuis and Haantjes tensors is particularly simple.
example Let L i j = l i δ i j be a diagonal operator, where l i := l i (x) are arbitrary smooth functions on M . Its Nijenhuis torsion is given by
example Let dim(M ) = 2. Then, it easy to prove by a straightforward computation that the Haantjes tensor of any field of smooth operators vanishes.
example Let L be the diagonal operator of Example 2.1. Its Haantjes tensor results (10) (
jk is given by eq. (9). The following proposition is a direct consequence of the properties (9) and (10). Proposition 1. Let L a smooth field of operators. If there exists a local coordinate chart {(x 1 , . . . , x n )}, where L is in diagonal form, i.e.
then the Haantjes tensor of L vanishes. Moreover, the operator given by
each λ i being an arbitrary smooth function depending only on the single coordinate x i , has its Nijenhuis torsion vanishing.
Due to the relevance of the Haantjes (Nijenhuis) vanishing condition, we propose the following definition. We remind two results which are crucial in the subsequent considerations. Proposition 2. [4] . Let L be a field of operators. The following identity holds
where f, g : M → R are functions, L is a (1,1) tensor field and I denotes the identity operator in T M .
Proof. See Proposition 1, p. 255 of [4] .
. Let L be an operator with vanishing Haantjes tensor in M . Then for any polynomial in L, with coefficients a j ∈ C ∞ (M ), the associated Haantjes tensor also vanishes, i.e.
(14)
H
Proof. See Corollary 3.3, p. 1136 of [5] .
The geometry of Haantjes operators
As we have seen in Proposition 1, the Haantjes tensor H L has a relevant geometrical meaning: its vanishing is a necessary condition for the eigen-distributions of an operator L to be integrable. Let us denote with {l 1 (x), l 2 (x), . . . , l s (x)} the set of the distinct eigenvalues of an operator L and with
the i-th eigen-distribution, i.e. the distribution of its eigenvector fields corresponding to the eigenvalue l i (x). Moreover, we denote by L T : T * M → T * M the transposed linear map of L with respect to the natural pairing between a vector space and its dual
and with
the co-distribution of the differential eigenforms with eigenvalue l i (x). Let us state the "orthogonality" relation between eigenforms and eigenvectors, relevant in the following discussion.
Proof. Eq. (15) follows from the identity
Definition 4.
A holonomic frame is a set of n independent vector fields (Y 1 , . . . , Y n ) such that at each point x ∈ M they form a base of the tangent space T x M , and are parallel to the vector fields of a natural frame.
In other words, there must exist n nowhere vanishing functions f i and a local chart (x 1 , . . . , x n ) whose natural frame ( 
In 1955, Haantjes proved in [18] that if the operator L is semisimple (diagonalizable), then the vanishing of the Haantjes tensor is also a sufficient condition to ensure the integrability of each D i . Consequently, under this hypothesis, one can select local coordinate charts, in which L takes a diagonal form. Equivalently, one can say that there exists a suitable eigen-frame of L (i.e. a frame formed by n independent eigenvector fields) that is a holonomic frame.
Theorem 2. [18] . Let L be a semisimple field of operators, and assume that the rank of each eigen-distribution D i is independent of x ∈ M . The vanishing of the Haantjes tensor
is a necessary and sufficient condition to ensure the integrability of each eigendistribution D i and of any direct sum
Let us show in detail how to determine a coordinate system that, under the assumption of Theorem 2, provides a diagonal form for L. For the sake of simplicity, we restrict our exposition to the case when all eigen-distributions have the same rank, say r. Denote by
by all eigenvectors of L, except those associated with the eigenvalue l i . They will be called the characteristic distributions
Since L is diagonalizable, we deduce that the tangent and cotangent spaces of M can be decomposed as
Moreover, each characteristic distribution E i is integrable. We shall denote by E i the associated foliation and by S i (x) the connected leave through x belonging to E i . Thus, the set (E 1 , E 2 , . . . , E s ) generate a set of as many foliations (E 1 , E 2 , . . . , E s ) as the eigenvalues of L. Such a set, being a web of type (s, n/(n − r), n − r) according to [1] , will be referred to as the characteristic web of L and the leaves S i (x) of each foliation as the characteristic fibers of the web.
Definition 2.
A collection of r smooth functions will be said to be adapted to a foliation E i of the characteristic web of L if the level sets of such functions coincide with the characteristic fibers of the foliation.
Definition 3.
A parametrization of the characteristic web of a semisimple operator L is an ordered set of n independent smooth functions (f 1 , . . . , f n ) such that each subset (f r(i−1)+1 , . . . , f r i ) is adapted to the i-th characteristic foliation of the web:
In this case, we shall say that the collection of functions is adapted to the web.
Corollary 1.
Assume that L is semisimple. Then, the vanishing of the Haantjes tensor of L is necessary and sufficient for the existence of a holonomic eigenframe of L.
Proof. Since each characteristic distribution E i is integrable by virtue of Haantjes' theorem 2, in the corresponding annihilator E
• i one can find r exact one-forms (dx r(i−1)+1 , . . . , dx r i ) that provide functions (x r(i−1)+1 , . . . , x r i ) adapted to the characteristic foliation E i . Collecting together all these functions, one can construct a set of n independent coordinates (x 1 , . . . , x n ) adapted to the characteristic web.
The natural frame ( ∂ ∂x1 , . . . , ∂ ∂xn ) turns out to be an eigenframe. In fact, the components of the eigenvectors Y i ∈ D i satisfy the conditions
Thus we have
, . . . , ∂ ∂x ri .
Remark 1.
A local chart adapted to the characteristic web of L can be computed by using the transposed operator L T . From Lemma 1, it follows that E
• i coincides with the r-dimensional eigenspace of the operators L T associated with the eigenvalue l i
Consequently, the differentials dx i of the coordinate functions adapted to the characteristic web are exact eigenforms of the operators L T :
Furthermore, they are invariant along the flow of the eigenvector fields belonging to D j , as from (21) it follows that
where by L Dj we denote the Lie derivative with respect to any vector field belonging to the eigen-distribution D j .
Conversely, each function f verifying eq. (23) is a characteristic function for the eigenvalue l i .
The following property characterizes this class of functions. Remark 2. Let us suppose that the Haantjes operator L admits a symmetry, i.e. a vector field Z such that
It is not difficult to prove that the eigenvalues of L as well are invariant along the flow of Z and the corresponding eigen-distributions are stable, i.e.
The theory of symplectic-Haantjes manifolds
In this section, we shall introduce the new notion of symplectic-Haantjes manifold, that we shall also call ωH manifolds by analogy with the known ωN . These new classes of manifolds provide a natural setting in which the theory of Hamiltonian integrable systems can be properly formulated.
is a symplectic manifold of dimension 2n, endowed with n endomorphisms of the tangent bundle of M L α : T M → T M α = 0, . . . , n − 1 which satisfy the following conditions:
• Their Haantjes tensor vanishes identically, i.e.
• The endomorphisms are compatible with ω (or equivalently, with the corresponding symplectic operator
• They commute with each others
. . , L n−1 ) will be called a ωH structure of the manifold M .
The above conditions can be re-casted by saying that, essentially, the endomorphisms L α are Haantjes operators, compatible both with ω and with each others.
Proof. It is a direct consequence of conditions (28) and (29):
The above mentioned properties are crucial in view of the involution properties of Prop. 5. We shall also consider a particular class of ωH manifold, especially relevant for the applications.
will be called a symplectic-Haantjes manifold with a (locally) Hamiltonian symmetry Z.
According to Remark 2, the eigenvalues of L 1 are integrals of motion for the Hamiltonian symmetry Z.
Lenard-Haantjes chains.
The theory of Lenard chains is a fundamental piece of the geometric approach to soliton hierarchies. Lenard chains have been introduced in order to construct integrals of motion in involution for infinitedimensional Hamiltonian systems [24, 23] (see also [38] , for a brief history about the origin of the name "Lenard chains"). However, only recently some non trivial generalizations of Lenard chains has probed to be useful in the study of separation of variables for finite-dimensional Hamiltonian systems (see [32, 33, 45, 9, 11] and reference therein). Hereafter, as a byproduct of our approachà la Haantjes, we propose a further generalization of the standard notions of the theory, which seemingly has the advantage to be both simple and directly connected to the theory of classical integrable systems.
. . , L n−1 ) be a 2n-dimensional ωH manifold and {H j } 1≤j≤n be n independent functions which satisfy the following relations
where
and a ij (x) are suitable smooth function on M , that are assumed to satisfy the following properties:
. . ,L n−1 ). We shall say that the functions {H j } 1≤j≤n form a Lenard-Haantjes chain generated by the function H.
Remark 3. The operatorsL α are still Haantjes operators, thanks to Proposition 3. Moreover, they are compatible with ω and commute with each other. Indeed, they are linear combinations of the original Haantjes operators L α , with coefficients a ij (x). Consequently, the operatorsL α endow M with the ωH structure (M, ω,L 0 ,L 1 , . . . ,L n−1 ) adapted to the function H, that we call a modified ωH structure.
Definition 5 is motivated by its connection with integrability, as clarified by the next result.
Proposition 5. Let M be a 2n-dimensional ωH manifold and (H 1 , H 2 , . . . , H n ) be smooth functions forming a Lenard-Haantjes chain. Then, the foliation generated by these functions is Lagrangian. Consequently, each Hamiltonian system, with Hamiltonian functions H j , 1 ≤ j ≤ n is integrable by quadratures.
Proof. By virtue of the classical Arnold-Liouville theorem, it is sufficient to prove that the functions H j belonging to a Lenard-Haantjes chain are in involution w.r.t. the Poisson bracket defined by the symplectic form ω. In fact, (33)
To enquire about the existence of Lenard-Haantijes chains, the previous proposition suggests to compare the co-distribution generated by H through the (transposed of) the Haantjes operators L α
or, equivalently, the distributions of the vector fields annihilated by them. The following theorem states the necessary and sufficient conditions to ensure the existence of a Lenard-Haantijes chain generated by a function H.
. . , L n−1 ) be a 2n-dimensional ωH manifold, and H be a smooth function on M . Let D
• H be the co-distribution spanned by the set of 1-forms
that we assume to be of rank n (independent of x) and D H be the distribution of the vector fields annihilated by (36) , which are given by the L α -images of the Hamiltonian vector field X H = P dH, i.e.
Then, the function H generates a Lenard-Haantijes chain 
The choice H 1 = H implies thatL 0 = I and, consequently, property i) in the Def. 5. The fact that {β 1 , . . . , β n } and {dH 1 , . . . , dH n } pointwise are two different basis of D
• H (x), implies the property ii). In this manner, we can construct the modified ωH structure (32), dependent on the original one but adapted to the Lenard-Haantjes chain (31) generated by the function H. Furthermore, the functions (H 1 , H 2 , . . . , H n ) are in involution by virtue of Prop. 5. Thus F H is a Lagrangian foliation w.r.t. ω, that coincides with the Lagrangian foliation F to which the Hamiltonian vector fields (X H1 , X H2 , . . . , X Hn ) are tangent.
. . , L n−1 ) be a 2n-dimensional ωH manifold, and H be the Hamiltonian function of a Hamiltonian vector field integrable in the sense of Liouville. Also, let (H 1 , H 2 , . . . , H n ) be a set of independent integrals in involution, with H 1 = H. Such integrals form a Lenard-Haantjes chain generated by H if and only if H satisfies the following conditions
Proof. The conditions (41) are equivalent to say that D
• as they both have by hypothesis the same rank n . Thus, D H is integrable and, by virtue of the previous theorem, it follows that the function H is the generator of the Lenard-Haantjes chain formed by (H 1 , H 2 , . . . , H n ).
Conversely, if (H 1 , H 2 , . . . , H n ) form a Lenard-Haantjes chain generated by H, by the definition (38) follows thatL T α dH ∈ D, for α = 0, 1, . . . , n − 1. Then, since by hypothesis the formula (32) is invertible, the conditions (41) are fulfilled.
Symplectic-Nijenhuis manifolds
A particular but especially relevant class of ωH structures is represented by the ωN manifolds [30, 25] . They are symplectic manifolds endowed with a single endomorphism of the tangent bundle, N : T M → T M that satisfies the following conditions:
• its Nijenhuis torsion (4) vanishes identically, i.e. ∀X,
• it is compatible with ω, i.e. the tensor P 1 = N Ω −1 is also a Poisson tensor and is compatible with P 0 := Ω −1 .
The above conditions, that amount to say that N is a Nijenhuis (or hereditary) operator compatible with ω, ensure that in turn the ωN structures represent a special class of bi-Hamiltonian structures.
Remark 4. The requirement that the Nijenhuis torsion of N vanishes implies that the Haantjes tensor (7) of N vanishes as well. Thus Nijenhuis operators are a special class of Haantjes operators.
Then, given a ωN manifold, one can construct directly a ωH structure by choosing as Haantjes operators the first (n − 1) powers of N (43)
It is easy to prove that the Haantjes operators so constructed are compatible with ω, due to the algebraic compatibility between N and ω. Moreover, they commute each other since they are powers of the same operator.
Definition 6. Let M be a ωN manifold. The ωH structures whose Haantjes operators are independent polynomials of N will be said to be generated by N . In turn, the Nijenhuis operator N will be said to be the generator of the ωH structure.
In order to ensure that the Nijenhuis operators {I, N , . . . , N n−1 } are linearly independent, we should assume that the degree of the minimal polynomial of N is not less than n. However, to construct a ωH structure we need just n Haantjes tensors. Then, hereafter we shall assume that the minimal polynomial of N is exactly of degree n.
Lenard-Nijenhuis chains.
In a ωN manifold we can construct a special class of Lenard-Haantjes chains. In fact, in this context Theorem 3 amounts to say that the co-distribution
which is supposed to be of rank n, is integrable if and only if H generates the following Lenard-Haantjes chain
Here a jk (x) are suitable coefficients fulfilling the requirements of Definition 5. As the modified Haantjes operatorsL α are generated by a unique Nijenhuis operator N , the chain (45) will be called a Lenard-Nijenhuis chain. Notice that these chains have been called Nijenhuis chains in [9] , and generalized Lenard chains in [44, 42] . The chains withL α ≡ L α = N α correspond to the classical Lenard-Magri chains. In the context of ωN manifolds, a result stronger than that one in Proposition 5 holds.
Proposition 6. [11, 44] Let M be a ωN manifold. The functions {H j } 1≤j≤n of a Lenard-Nijenhuis chain are in bi-involution, i.e. are in in involution also w.r.t. the Poisson bracket defined by the Poisson tensor P 1 := N P 0 .
Proof. From (59) and (54) it follows that
whence the thesis.
Separation of variables in ωH manifolds
In this section, we prove a theorem about the separation of variables (SoV) of Hamiltonian systems in the context of ωH manifolds, and specifically, of ωN manifolds. Given a 2n-dimensional ωH manifold M , we will suppose that at any point x of a dense open subset of M , each operator L α (except L 0 = I) admits n distinct (complex) eigenvalues (l α1 , . . . l αn ). These are necessarily double eigenvalues. Indeed, in a ωH manifold the eigenspace Ker(L α − l αi I) is always even-dimensional, because it possesses the same dimension of the kernel of Ω(L α − l αi I), which is skew-symmetric, due to Proposition 2. Thus each operator L α is semisimple and its minimal polynomial will be of degree n and equal to the square root of its characteristic polynomial.
Definition 7.
An ωH structure will be called maximal if each L α admits the maximum allowed number of distinct eigenvalues.
Moreover, from the commutativity assumption (29) it follows that all the operators L α (together with their adjoint operators L T α ) can be put in a diagonal form simultaneously, sharing the same distribution of eigenvectors.
. . , L n−1 ) be a maximal ωH manifold. A set of local coordinates (q 1 , . . . , q n ; p 1 , . . . , p n ) will be said to be a set of Darboux-Haantjes (DH) coordinates if the symplectic form in these coordinates assumes the Darboux form
and each Haantjes operator diagonalizes:
⊗ dp i , with l 0i = 1, i = 1, . . . , n.
To prove the existence of a set of DH coordinates in any maximal ωH manifold, we need to analyze carefully the distribution of the eigenvalues of the Haantjes operators and their relation with the symplectic structure. To this aim, we present some properties of algebraic and differential nature that hold under the weaker hypothesis that the ωH structure is semisimple, although not necessarily maximal.
Proposition 7. In a semisimple ωH manifold, the relations
hold.
Proof. The property (49) follows from the compatibility condition (28) and from the invertibility of the symplectic operator Ω. In fact, for each eigenvector Y j ∈ D j , the one-form ΩY j is an eigenform of L T α , as one infers from
Then, by taking into account eq. (22), we deduce that ΩY j belongs to E 
Proof. The distributions D j are integrable for the Haantjes Theorem 2. We denote by i the immersion in M of an integral leaf of D j and by i * its tangent map
From (49) it follows that
Furthermore, the distributions E j (E • j ) are integrable and their foliations (E 1 , E 2 , . . . , E s ) form the characteristic web of the ωH manifold. Consequently, any parametrization of it always diagonalizes simultaneously each operator L α and L T α . Under the maximality hypothesis, the characteristic web is of type (n, n, 2), with characteristic fibers of co-dimension 2 (see [1] ). In this case, we can prove a crucial result for our construction. Proof. We need to prove that a parametrization of the characteristic web exists with 2n coordinate functions (q 1 , . . . , q n ; p 1 , . . . , p n ) that are canonical coordinates for ω. Each characteristic distribution E k is integrable and is of co-dimension 2. One can find in each annihilator E • k the differentials of two functions (f k , g k ) that span E • k . Collecting together these functions, one obtains a parametrization (f 1 , . . . , f n ; g 1 , . . . , g n ) of the characteristic web of the ωH manifold. By virtue of Corollary 1, it enables us to put simultaneously the operators L α in diagonal form, whilst the symplectic form takes the form
In fact, the second relation in Eq. (51) implies that , one can perform a Darboux transformation involving only the pairs (f j , g j ). Therefore, we have proven the existence of a coordinate system (q; p) which still diagonalizes the operators L α and simultaneously reduces ω to the canonical form (47) .
As an immediate consequence of the previous theorem and of Proposition 4, we have the following Corollary 3. In any set of DH coordinates, the characteristic functions f i related to the eigenvalue l i depend on the single pair (q i , p i ) only, i.e.
The next theorem is the main result concerning the existence of separation variables for a ωH structure.
. . , L n−1 ) be a maximal ωH manifold and (H 1 , H 2 , . . . , H n ) be a set of n functions belonging to a Lenard-Haantjes chain generated by H = H 1 . If the modified ωH structure adapted to H is maximal, each set (q, p) of DH coordinates for such a modified structure provides separation variables for the Hamilton Jacobi equations associated with each function H j . Conversely, if (H 1 , H 2 , . . . , H n ) are separable in a set of DH coordinates relative to the original ωH, then they belong to a Lenard-Haantjes chain w.r.t. a modified ωH structure (M, ω,L 0 ,L 1 , . . . ,L n−1 ), where the operatorsL α are of the form (32).
Proof. It suffices to show that the functions H j are in separable involution in DH coordinates, according to eq. (1). To this aim, let us note that, due to the diagonal form (48) ofL T α in a DH local chart, the relations
hold, wherel (j−1) k , denote the eigenvalues of the modified Haantjes tensorsL T α , α = j − 1. Therefore,
The converse is a consequence of the Sklyanin separation equations (2) 
as (dq i , dp i ) are eigenforms of L T α with eigenvalue l i . Then, it follows that
and
where F α,ij are elements of the matrix
The condition (56) amounts to say that the distribution
• . Thus, by virtue of Corollary 2, the separable functions (H 1 , . . . , H n ) form a Lenard-Haantjes chain. • . For this reason, borrowing the terminology of [11] , the matrices F α will be called the control matrices w.r.t. the basis (dH 1 , . . . , dH n ) of the separable foliation F . Notice that the separability of (H 1 , . . . , H n ) implies the invariance condition (56), which is stronger than the condition (41) due to the mere integrability.
Constructing explicitly a set of DH coordinates is a difficult task that entails to integrate the eigen-distributions common to the Haantjes operatorsL α . However, it can be simplified when the ωH structure is generated by a maximal and regular ωN structure. An ωN structure is said to be regular if the Nijenhuis operator N admits n distinct eigenvalues λ i (x), which are functionally independent at each point x of M .
As a consequence of the maximality and of Remark 4, it follows that Proposition 7 and Theorem 4 hold also for the characteristic web of the single Nijenhuis operator N and its powers, thus ensuring the existence of DH coordinates for the ωH structure (M, ω, I, N , . . . , N n−1 ). Because of the regularity, and according to [46] , in a suitable open neighborhood of each point the n functions λ i (x) can be chosen to be a half of the DH coordinates, since they satisfy
The first set of equations above, because of Remark 1, implies that the n functions λ i (x) are characteristic functions of the web of N ; the second one that they are in involution w.r.t. the Poisson bracket induced by ω. Moreover, it has been proved in [29] that they can be complemented by quadratures with n conjugated momenta
In such canonical coordinates (λ, µ), the Nijenhuis tensor N takes a diagonal form. The Poisson tensor P 1 := N Ω −1 has the following linear expression (59)
These coordinates are called Darboux-Nijenhuis (DN) coordinates in [9] and special DN coordinates in [11] .
As we need to construct a set of DH coordinates for the modified Haantjes structure
we assume that the transition matrix A between the original ωH structure (M, ω, I, N , . . . , N n−1 ) and the modified structure (60) is such that the minimal polynomials of the modified Haantjes operators is still of degree n. Observe that the distinct eigenvalues λ i of N provide all the (possibly coincident) eigenvalues p α (λ i ) for each modified Haantjes operator p α (N ), and exactly the same eigenvectors. Thus, the previous assumption ensures that the modified ωH structure is maximal as well, and that it shares with N the same characteristic web.
Proposition 9. In a maximal and regular ωN manifold, a set of DN coordinates provides a set of DH coordinates for each maximal modified ωH structure associated.
Proof. In any DN chart, both N and any Haantjes operatorL α generated by N according to relation (46) , take the diagonal form
Therefore, these coordinates are also DH coordinates for any maximal modified ωH structure associated with the given ωN manifold.
Remark 6. Let us suppose that one of the Haantjes operators, say L 1 , admits a symmetry vector field Z, such that each function Z(λ i ) obtained deriving the eigenvalues of the Nijenhuis operator N along the flow of Z fulfills the following conditions:
• it is functionally independent of the corresponding λ i (x);
• its Poisson bracket with the corresponding λ i is constant.
Then, the functions Z(λ i ) suitable normalized, are momenta conjugated to the coordinates λ i since (as well as dλ i ) their differentials dZ(λ i ) belong to E
• i , by virtue of Remark 2. Therefore, they satisfy the conditions
. . , n .
Applications to separable Hamiltonian systems
In this section, we will discuss two important examples of integrable systems, to show the large range of applicability of the theory previously developed. The first one concerns a finite-dimensional system on a six-dimensional symplectic manifold, which is obtained as a stationary reduction of the seventh order equation of the Korteweg de Vries (KdV) hierarchy. The second one deals with the classical family of integrable Hénon-Heiles systems, defined on the tangent bundle of the configuration space E 2 .
7.1. The stationary reduction of the seventh order KdV flow revisited.
In [47] , a method to obtain the Poisson pencil P 1 −λP 0 of the stationary flows of the KdV hierarchy was presented. In [32] , this method was applied to get the stationary reduction of the seventh order equation of the hierarchy. The restricted Poisson pencil turns out to be a degenerate pencil of co-rank one in a seven dimensional manifold M (7) . It possesses a polynomial Casimir function of length four, starting with a Casimir of P 0 and ending with a Casimir of P 1 . Then, a Marsden-Ratiu reduction procedure [31] , similar to the one used in other cases [47, 34, 35, 10, 12] , was performed to each six-dimensional symplectic leaf of the Poisson tensor P 0 : it consists in getting rid of the Casimir of P 0 . Consequently, an ωN structure was constructed, in the Darboux chart (q 1 , q 2 , q 3 , p 1 , p 2 , p 3 ). It is given by the canonical symplectic form ω and by the following Nijenhuis operator
Furthermore, by restricting the polynomial Casimir function to a symplectic leaf S 0 , the authors of [32] were able to obtain three Hamiltonian functions in involution
However, as typically happens in the cases of Gelfand-Zakarevich systems [17, 11] , the reduced integrable Hamiltonian systems on S 0 do not allow a bi-Hamiltonian formulation with respect to the bi-Hamiltonian structure (P 0 := Ω −1 , P 1 := N P 0 ).
Nevertheless, they can be described in the context of our new theory. Precisely, they form a Lenard-Nijenhuis chain w.r.t. the Haantjes operatorsL 1 := 2q 1 
Since the ωH structure (M, ω, I, N , N 2 ) is maximal, the Hamiltonian functions (65) admit a set of DH coordinates as separation variables. These variables have been already computed in [32] as a set of Darboux-Nijenhuis coordinates of the characteristic web of N . In [19] , the same coordinates have been considered as orthogonal separation variables for the Hamiltonian function (65), in the cotangent bundle of a three-dimensional Minkowski space.
7.2.
Hamiltonian systems with two degrees of freedom. Let us consider the simplest case of Hamiltonian systems with two degrees of freedom. Given two integrals of motion in involution, we propose a general procedure to compute both a Haantjes operator adapted to the Lenard chain formed by such integrals and, when it exists, a Nijenhuis operator representing its generator. We recall that we search a Haantjes operator whose minimal polynomial be of degree 2
The procedure entails two steps.
(1) Given two integrals of motion in involution, H 1 , H 2 , find an operatorL such thatL
The compatibility condition (69) allows to reduce the unknown components of theL operator from 16 to 6. Therefore
where l i,j are arbitrary functions on T * M . The conditions (70) and (71) provide a system of 8 algebraic equations in the 6 unknown functions, being c 1 = l 1,1 + l 2,2 andc 2 = −l 1,1 l 2,2 + l 1,2 l 2,1 − l 1,4 l 3,2 . As such equations are not independent, we are left with 3 unknown functions. The vanishing of the Haantjes tensor (72) provide an over-determined system of 24 PDEs of first order, which can be managed with some suitable ansatz. (2) Having foundL, find a Nijenhuis operator N compatible with Ω and two functions f, g such that 
The separation variables are provided by a set of DN coordinates of the generating ωN structure. Precisely, from the eigenvalues
of the Nijenhuis operator (84), completed by the normalized Lie derivative of such eigenvalues w.r.t. the Hamiltonian vector field X H (SK) , we get
In fact, the vector field X H (SK) is just a Hamiltonian symmetry of the ωH structure defined by the canonical symplectic form and by the Haantjes operator (83 
Such a Haantjes operator can be generated by, at least, two different Nijenhuis operators, that are solutions of eqs. (74) and (75). One of them is linear in the cartesian coordinates and momenta
and coincides with the one introduced for the first time in [8, 7] , in order to construct a quasi-bi-Hamiltonian formulation of the KdV-Hénon-Heiles case. It generates the Haantjes operator as followsL
complemented with a pair of conjugated momenta
are separation variables for the Hamiltonian functions H KdV , H KdV 2 . The second solution is given by the Nijenhuis operator firstly introduced in [42] as the simplest Nijenhuis operator characterizing the parabolic web of coordinates (ξ, η, p ξ , p η ), i.e.
In such coordinates, it has the linear representation
and generates the same Haantjes operator (86) through
Comparing (88) with (89), it follows that in the parabolic coordinates, the Nijenhuis operator (87) has the representation (91) N KdV = diag(ξ 2 , −η 2 , ξ 2 , −η 2 ).
Obviously, it defines the same parabolic web as (90).
7.3.3. KK-Hénon-Heiles system. In our context, the KK system has a geometrical relevance, since it does not belong to the Stäckel class. In other words, it is not separable in orthogonal coordinates in the plane: its first integral is a fourth-order one. To construct a Haantjes operator for the KK case, we will start with the Hamiltonian (76) of the KK case and its independent integral of motion (82), and will apply the procedure sketched in eqs. (69)-(73). In order to find a particular solution of the determining system, a natural ansatz is to suppose that the entries ofL KK be polynomial functions quadratic in the canonical momenta (p x , p y ) and depending arbitrarily on the coordinates (x, y). We have found two solutions, only one of them being semisimple Thus, the structure given by the canonical symplectic form and by the Haantjes operator (92) is a ωH structure with the Hamiltonian symmetry X H (KK) . The eigenvalues ofL KK provide a second integral of motion for X H (KK) , because of (26) . In fact,
.
At this stage, we apply the second step of the procedure, eqs. (74), (75), to obtain a Nijenhuis operator that generatesL KK . We obtain (94) The above separated coordinates coincide with those introduced in [39] - [40] .
Another interesting solution of the second step of the above mentioned procedure, that is a Nijenhuis operator that generates the same Haantjes operatorL KK will be discussed elsewhere.
Future Perspectives
The last two examples show that, even in a ωN manifold, the Haantjes operators play a more fundamental role than their diverse Nijenhuis generators. The existence of a "canonical" Nijenhuis generator for a given set of Haantjes operators is worth investigating thoroughly.
The extension of the present theory to the case of quantum integrable systems is a nontrivial task. This research line would pave the way to an algebraic interpretation of the notion of Haantjes integrability developed here, in terms of infinite-dimensional commuting operators on a Hilbert space.
Also, it would be interesting to compare the geometric structures underlying the vision offered here with the intrinsic purely algebraic structures developed in [21] , in the context of nilpotent integrability.
A natural generalization of the present theory to the case of superintegrable systems [43] , especially maximally superintegrable ones, is in order. Along these lines, we also aim to apply our approach to the study the geometry of certain classical systems, as the Post-Winternitz model, that are superintegrable, but do not possess any simple system of separation coordinates associated. We believe that our theory can offer a proper language in which the study of the relation between superintegrability and separability indeed can be carried out.
